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INTRODUCTION 
Sensors are used in a variety of different manufacturing systems in order to improve 
product quality and process control. In a recent development by Menon et al. [1], guided 
waves are used to monitor part quality. The purpose of this paper is to explore the 
possibility of using shear horizontal (SH) waves for an anisotropic viscoelastic layer. 
Modem composites are viscoelastic with general anisotropic character. 
Manufacturing these materials with the aid of ultrasonic sensors includes cure monitoring 
and in-situ inspection of material changes and discontinuities. Applications of theoretical 
and experimental results on the use of ultrasonic waves for monitoring the curing process 
in viscoelastic media are presented by Eder and Rose [2], and Rokhlin et al. [3]. An 
orthotropic viscoelastic plate is considered in this paper for a shear horizontal wave source 
excitation. The problem of Lamb wave propagation in an isotropic viscoelastic layer with 
stress free surfaces was considered in [4-7]. Tamm and Weiss [4,5] studied this problem, 
assuming that the elastic constants are complex and independent of frequency. Coquin [6] 
developed an approximation method for materials with small losses with frequency-
dependent elastic moduli. Chervinko and Savchenko [7] used numerical techniques for 
investigating low-compressibility materials with real Poisson's ratio and frequency 
dependent complex shear moduli. 
PROBLEM FORMULATION AND SOLUTION 
Let's consider a viscoelastic orthotropic plate, occupying the region 
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Izl ~ d /2, Ixl < 00, IYI < 00 with a time harmonic shear stress loading p(x)ei(j)t on the 
upper surface in the finite area Ixl ~ b. The lower surface of the plate is stress free and 
m = 21tf is the angular frequency of the vibration. The equation of motion for the 
viscoelastic case may be obtained from the elastic case by replacing the real elastic moduli 
with a complex frequency dependence Ck1 (m). For SH waves, we have the following 
governing equation (the time factor ei(fJI is omitted). 
(1) 
(2) 
where uy = uy(x,z). 
The appropriate boundary conditions for the plate are 
(3 a) 
cr yz = 0 at z = d /2, Ixl> b (3b) 
cryz =0 at z=-d/2, Ixl~O. (3c) 
The complex moduli represents both the capability of storing energy under elastic 
deformation, where C;l(m) is the real part, and energy damping C~l(m) is the imaginary 
part. We introduce dimensionless variables in the following way 
r, = z / d, ~ = x / d, a = b / d . (4) 
Applying a Fourier transform to Eq. (1) with respect to the x axis and satisfying boundary 
conditions (3), one obtains an expression for the displacement field in the form 
(Sa) 
where 
(Sb) 
1 a 
T(a) ="2 f p(y )ei<lY dy . (Sc) 
-a 
The formal solution (Sa) is the same as in the elastic case. When evaluating the integrals in 
(Sa) one must take into account the poles ofthe integrands. Poles for the symmetric part of 
the solution (first term in Eq. (Sa» are 
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(n = 0,1,2, ... ) (6a) 
and for the antisymmetric part (second term in Eq. (5a)) are 
(n = 0,1,2, ... ) (6b) 
In an elastic solid, for each particular value ill , one obtains from Eqs. (6) a finite number 
of real poles and an infinite number of imaginary poles which are symmetry equivalence to 
the different coordinate directions. For the viscoelastic case, a n and 13 n are always 
complex wavenumbers, hence leading to a violation of the symmetry of the frequency 
spectrum. 
Waves in viscoelastic material decay in the direction of propagation. Accordingly 
we assign signs to the imaginary parts of the wavenumbers a n and 13 n' which provides 
attenuation. Imaginary part of wavenumber is the attenuation coefficient. Applying the 
residue theory to Eq. (5a), one obtains 
sin(1t(2n -1)1;) T(J3 n) e~iM]}, 
COS1t (n - 1) 213 n 
(7) 
The summation in (7) is over poles with negative imaginary parts when I; is positive, and 
over poles with positive imaginary parts for negative I; . 
All calculations are carried out for p(x) = 1 and for two cases of viscoelastic solids. 
The first model is the Voight solid which has an elastic moduli given by [5,7] 
(8) 
For the second case, the real and imaginary parts of the moduli are independent of the 
frequency. This assumption approximates its behavior of some materials over a fairly wide 
frequency range. 
NUMERICAL RESULTS 
The units of Ck1 are given in Gpa. Data are taken from experimental results [9] 
C;4 = 6.15, C~4 = 0.02, C~6 = 3.32, C~6 = 0.009, p = 1.5g/cm3 , a = 1.5. For the elastic 
solid, C!4 = C~6 = 0 . 
The phase-velocity dispersion curves for the Voight material are plotted in Figure 1. 
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Figure 1. Phase velocity curves for a Voight viscoelastic solid, (a) and (b) show the same 
curves using different scales. 
Fig. 2 represents graphs for phase velocity when the elastic moduli are independent of 
frequency. In Fig. 2(b), dispersion phase velocity curves overlap with the dispersion curves 
for the elastic plate. 
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Figure 2. Phase velocity curves for a viscoelastic solid when the complex elastic moduli are 
independent offrequency. (a) and (b) show the same curves using different scales. 
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Figure 3. Phase velocity curves for the Voight model (solid lines) and the elastic solid 
(dashed lines). The first two modes overlap each other for viscoelastic and elastic cases. 
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Figure 4. Attenuation coefficient for Voight solid, (a) and (b) show the same curves using 
different scales. 
The character of the viscosity effect is illustrated in Fig. 3 by graphs showing the change in 
phase velocity from the Voight material (solid curves) to the elastic solid (dashed curves). 
The first two modes overlap each other for the viscoelastic and elastic cases. 
Attenuation coefficients are shown for the Voight solid in Figure 4 and the second 
viscoelastic material in Figure 5. 
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Figure 5. Attenuation coefficient for viscoelastic solid, when complex elastic moduli are 
independent of frequency, (a) and (b) show the same curves using different scales. 
An analysis of the graphs in this figure shows significant influence when the elastic 
constants depend on frequency. The phase velocity and attenuation coefficients are 
sensitive to elastic moduli changes. 
Formula (6) allows a calculation of the amplitude u(~,s,m) for any ~,s,m . Fig. 6 
shows the graphs of the dimensionless cross section magnitude lu(~ ,s ,m)1 for viscoelastic 
and elastic materials for fd = 1.5, ~ = 7, a = 1.5. One can see the dependence of the wave 
structure on the complex elastic constants. 
In a practical excitation of SH waves, the energy E(f) that the transducer radiates 
will spread in the frequency domain, assuming a Gaussian distribution for energy in the 
frequency domain. Therefore, for any excitation frequency fa, there is some frequency 
spread area (fa - 3cr '/0 + 3cr) , where C5 is the standard deviation. To model a practical 
situation, one must express the resultant amplitude for any fa in the following way 
10+30-
Uy(,f."S'/o) = f uy(f."s,2nf)E(f)df (9) 
10-30 
Figure 6 represents the graph of the dimensionless magnitude M = Iu/~,d / 2,f)1 in the 
frequency domain for d = 1, x = 7, a = 1.5, C5 = 0.03. Peaks in Fig.6 are associated with 
cut-off frequencies for phase velocity curves from Fig.3 (elastic solid). Viscosity makes 
the peaks much smoother for the viscoelastic solid (with frequency independent moduli). 
For the Voight material, there is no such relation due to Ck1 (m) increasing with increasing 
frequency. 
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Figure 6. Magnitude-frequency relationship for viscoelastic solid with frequency 
independent elastic moduli (solid line) and elastic material (dotted line). 
CONCLUDING REMARKS 
Viscoelastic effects of guided SH waves are presented. The results can be 
summarized as follows. The phase velocity curves of viscoelastic material approach the 
corresponding curves for the elastic case for a small imaginary part of the complex elastic 
moduli. The attenuation coefficients are the smallest in the neighborhood of the cut-off 
frequency for the case of the elastic plate. The amplitude peaks reflect clear cut-off 
frequencies for the elastic case and the peaks for the viscoelastic material are smaller. 
Source influence on the wave excitation is also illustrated. 
The practical significance of this work can be demonstrated in an "in-situ" powder 
metal injection molding experiment, where sensors can be used to excite guided waves in a 
part being manufactured. Points selected at minimum attenuation should be used. This can 
be achieved experimentally by frequency and angle tuning. 
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